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Introduction

Methodology’

Although a book in mathematical Marxian economics is no longer a
unique phenomenon, its author must still confront the opinion held
in many circles, both Marxian and non-Marxian, that such an
endeavor is a contradiction in terms. Two lines of defense are avail-
able: (1) that Marx himself was not against the use of mathematical
methods; (2) that regardless of Marx’s position, these methods are
appropriate to aid in understanding the social phenomena with which
Marx was concerned. Although what Marx believed on this question
should not settle the issue, if we consider Marxism to be a science and
not a religion, it nevertheless appears that Marx was a supporter of
the use of mathematical methods in economics. This is shown by the
work of Leon Smolinski (1973), who studied Marx’s unpublished as
well as published manuscripts for his views on the matter. Smolinski
reports there was “not a single injunction against mathematical eco-
nomics [in] Marx’s published or unpublished writings.” Moreover,
Lafargue attributes to Marx the statement: “A science becomes devel-
oped only when it has reached the point where it can make use of
mathematics” (Smolinski, p. 1201). Still, the opposing circumstantial
evidence remains that Marx made very little use of formal mathe-
matics (beyond arithmetic) in his work. As Marx studied algebra and
calculus quite extensively in his later years, why did he not use these
tools? Two main reasons are suggested by Smolinski: His economic
theories had already been formulated before his mathematical studies
became intensive, and his mastery of the application of these tools to
economic models was very slight. Indeed, Smolinski provides rather
incriminating evidence with regard to the second reason, by showing
how inept was Marx’s effort to analyze the algebraic relationship
between the rate of surplus value and the rate of profit in an unpub-
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lished version of Capital, Volume III, Chapter III, entitled “The
Mathematical Treatment of the Rate of Surplus Value and the Rate of
Profit.”?

Regardless of Marx's position, however, mathematics is a useful
tool in Marxian economics. To the extent that abstraction and models
are useful, so is mathematics. This would seem self-evident. Several
objections nevertheless remain. The most cogent of these seem to be
(1) that although mathematics may be useful, it does not accomplish
any analytical task that cannot be done without it; (2) that the essential
ideas of Marxian social science cannot be mathematized.

Objection 1 does not pass the empirical test of the last century’s re-
search in Marxian economics. The use of mathematical techniques
can clarify relationships in an unambiguous way; without these tech-
niques, only intuition can be a guide. But the intuitions of two people
may contradict each other: When both are forced to state their beliefs
in a common (mathematical) language, there is an objective standard
for deciding which is correct. This is seen, in Marxian economics,
most clearly in the endless discussions of the transformation problem
and the theory of the falling rate of profit. Recent theoretical state-
ments of the problems have resolved many (if not all) of the debates.
After the mathematics has done its job, it 1s often possible to state the
proof verbally — that is, to avoid the “mathematics.” Hindsight, how-
ever, differs from foresight. If a tool acts as a catalyst, and enables us
to see how to perform the task for which it was intended, but without
its use, more power to it.

A related point to objection 1 is, as Jacob Schwartz (1961) put it,
that “mathematics, in doing its good works, has a way of drawing
attention to itself.” This is perhaps at the heart of the objection of
many Marxists to the use of mathematics. They fear that introduction
of the tool distracts attention from the burning social issues of the un-
derlying investigation, and gives the inquiry a gamelike character.
This is, no doubt, a danger, but the reciprocal accusation can just as
well be made against those Marxists who write pages of “dialectical”
reasoning, reveling in the Talmudic play possible in that medium.
Any methodology can be abused.

Objection 2 is a more serious point, for certainly mathematics can
play only a partial role in Marxian social science, or in any social sci-
ence, or in any science. Indeed, the essential aspect of a science is con-
frontation of theory with facts, and mathematics does not produce
facts. More specifically, the historical materialist method is central to
Marxism, and mathematics does not produce history. The question of
the applicability of mathematics, then, must necessarily be limited to
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its role in Marxian social theory, a theory being a way of interpreting
historical fact. Here one must distinguish between a theory and its
models. In my terminology a theory is not by its nature mathematical.
Theories live in an intuitional domain. One tests the consistency of a
theory by making models that are schematic representations of the
theory and that may use mathematics. A model allows statements to
be made that have an undeniable truth value (within the model):
Statements made in a theory do not have this logical status. There
may be several models of a single theory, some of which verify the
theory, others of which nullify it. For example, now that some have
produced models of the falling-rate-of-profit (FRP) theory that nul-
lify the theory (as in Chapters 4 and 5 of this book), others are trying
to produce models that verify it. If pro-FRP models are successfully
produced, they will clearly differ from the anti-FRP models in their
assumptions, and such a confrontation will force a more careful
refinement of what the underlying theory is. That is, a theory, living
in the domain of intuition, necessarily has a certain vagueness. The
vagueness is brought into sharp focus by the articulation of contra-
dicting models of the (same) theory.

It is in this sense that “mathematics,” or models, cannot capture all
that is contained in a theory, A model is necessarily one schematic
image of a theory, and one must not be so myopic as to believe other
schematic images cannot exist. Nevertheless, this is not a reason not to
use mathematics in trying to understand a theory: for, as has been
pointed out above, the production of different and contradicting
models of the same theory can be the very process that directs our
focus to the gray areas of the theory.

It should be underscored that this discussion applies only to the use
of models to test the consistency of a social theory, not the usefulness
or accuracy of a theory. The usefulness or accuracy of a theory is
tested by confronting it, or its models, with history and data.

Using the distinction that has been stated above between a theory
and its models, it is now possible to admit the sense in which objection
2 is viable. Because a social theory, by this definition, is a proposal for
ordering and understanding a particular set of historical occurrences
and behavior, it does not have the status of a statement in logic. A
model, however, contains logical statements. Hence, a model can
never replace a theory; that is, a model can never capture every
nuance the theory might imply. We might construct models that at-
tempt to capture, schematically, what we conceive of as some of the
postulates of the historical -materialist theory, in order to examine
whether certain conclusions logically follow from a historical—-
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materialist perspective. Nevertheless, no model can ever hope to cap-
ture fully the theory of historical materialism. It is as if a theory is an
object in an infinite-dimensional space, and a model gives us a projec-
tion of the object onto a small subspace. Different models produce
different projections; with more models, more projections, we get a
more accurate feeling for the implications and the limits of the
theory, but we can never capture every dimension of the theory from
its models. With sufficient modeling, however, we may come to feel
that we have exhausted the interesting content of the theory, and so,
for all practical purposes, it is understood.

If one adopts this epistemological posture, it becomes clear that
although it is true that models can never entirely capture a theory,
that is not a reason not to build models of the theory. Quite the oppo-
site: Models provide perhaps the best way of trying to explore the
theory. Thus, although objection 2 is valid in the sense described, it
does not follow that mathematical modeling should be abandoned.

We have addressed the issue of whether models can necessarily cap-
ture everything contained in theories. Another level of objection 2 is
that there are specific concepts of Marxian theories — such as class,
power, struggle, consciousness, hegemony, and so on — that are not so
amenable to mathematical modeling as are the notions of price, quan-
tity, technology, and so on. This, I think, is not the case. The obvious
explanation is that we cannot imagine, perhaps, how to mathematize
“class struggle” because no one has ever tried — or, more accurately,
there is no social science that has tried for 100 years to do so. But even
if we can mathematize the notion of, say, class, is there a purpose to it?
Here the proponents of objection 2 and objection 1 might unite and
say: “Class cannot be mathematized. But even if you can do it, what
will be gained in the process? The subtle issues concerning class can-
not be clarified with mathematical modeling."”

However, 1 would argue, as an example, that the inability of
Marxists to understand what has transpired in the socialist economies
since 1917 is intimately related to an imprecise and vague notion of
class. We have a theory of class, and we have understood many di-
mensions of the theory. But now a historical experience has occurred
that exposes our ignorance of the complete theory. That is, there are
dimensions of the notion of class that have only become important to
our understanding of reality since 1917, and we have litdle intuition
with regard to what is happening in those dimensions. It is time,
therefore, to attempt to produce models of the theory of class that can
enlighten us as to those hidden dimensions. To be specific: Soviet
society has developed in a way that no Marxist would have predicted
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in 1885 or 1917. There is no agreement among Marxists on the
extremely fundamental, and apparently simple question: What is the
Soviet Union — capitalist, socialist, or something else? To resolve this
question, one must understand how to define class when the means of
production are not privately owned, investment is centrally planned,

and so on. In other words, our accepted theory of what constitutes

class is exposed as being vague when we try to apply the theory to a
new situation — namely, Soviet society. When the vagueness of a
theory becomes critical in our ability to use the theory to interpret
reality, it is an appropriate time to tighten our understanding of it by
constructing models of the theory. Not only do I think that the
Marxian notion of class can be modeled, more important, I think that
such modeling can illuminate the gray areas of the theory, and enable
us to understand the class nature of modern Sovietlike (or, let us say,
socialist) societies.

Perhaps a historical parallel is useful here. The prime example of
modeling an ethereal concept, in Marxian economics, is the theory of
exploitation. Exploitation is a concept like class, power, struggle, con-
sciousness; it might appear to be a concept that mathematics could
only reify, but not clarify. Marx wished to understand how exploita-
tion could exist under capitalism, a mode of production in which ex-
changes are mediated through competitive markets. Under feudalism
and slavery, the existence of exploitation posed no riddle because of
the overtly coercive mechanism for the expropriation of labor. If one
had lived under feudalism, the theory of exploitation as the expro-
priation of surplus labor would have seemed utterly clear: It is only
with the advent of competitive markets that the vagueness became
apparent in this theory. How is surplus labor expropriated when
there is no corvée, but only a labor market? (If you ask the wage
worker how long he must work to reproduce his family, he will reply,
“Forty hours a week”; if you ask the serf, he will reply, “Only three
days for my family, the rest of the time I slave for that jerk on the
hill.”) Marx resolved the vagueness in the received theory of exploita-
tion by constructing an essentially mathematical model, and extended
the applicability of the exploitation theory to capitalism.

To review this example: Before the advent of capitalism, one might
have held that the theory of exploitation necessarily entailed a coer-
cive institution for the exchange of labor. If exploitation means the
expropriation of surplus labor, of one class by another, then the his-
torical experience of slave and feudal societies would lead one to
believe that a necessary aspect of the theory of exploitation was a co-
ercive institution for labor exchange. Marx observed that this per-
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ception of the theory did not work for capitalism: He wished to claim
that exploitation was still occurring, despite the absence of a coercive
institution for labor exchange. (Indeed, that is the motivation for
Marx's effort to explain the existence of exploitation in the presence
of “fair” or competitive markets.) One response to capitalist reality
was to say that there could not be exploitation, because markets were
competitive. This, in fact, is the essence of the neoclassical approach.
Marx’s approach was, in the terms of this discussion, to say that our
previous perception involved false inferences concerning certain
hidden dimensions of the theory. As long as society had experience
only with coercive institutions for organizing labor exchange, it was
not necessary to understand precisely what the theory looked like
along that dimension. Now that history has given us a mode of pro-
duction with, at least in principle, a noncoercive labor exchange
mechanism (a competitive labor market), one must attempt to model
the theory to see what it predicts in this new situation. Marx’s discov-
ery was that the theory of exploitation works through more mysteri-
ous channels than one might have thought. Exploitation is a logically
consistent idea even in the presence of competitive markets.

An important task for Marxists today is to extend the theory of ex-
ploitation so as to be able to evaluate whether exploitation can exist
under socialism. To this end, a model-building, mathematical ap-
proach should be as useful as it was for Marx. Indeed, we find our-
selves today in a theoretical predicament quite analogous to the one in
which Marx found himself. We have a fairly good understanding of
the dimension of the theory of exploitation that can be labeled “de-
gree of coerciveness of the institution of labor exchange.” The dimen-
sion of the theory that we have not had cause to examine, until the last
sixty years, is the one labeled “public ownership of the means of pro-
duction.” Just as neoclassical economists are incorrect in assuming
that the presence of a labor market means exploitation cannot exist,
so Marxists, or more generally, historical materialists, would be incor-
rect in assuming that the absence of private ownership implies the
abolition of exploitation. We lack, however, a model of exploitation
under these conditions that can help us evaluate if, in fact, the theory
s still applicable under socialism. Judgments on the issue of whether
exploitation exists in the Soviet Union differ widely among Marxists,
because we have no precise understanding of the relevant dimension
of the exploitation theory.

This ends the apology for the mathematical model-building
method in Marxian economics. Doubtless most of these arguments

Introduction 7

apply to social science as a whole, and doubtless many have been
stated more completely, and with more sophisticated philosophical
apparatus, elsewhere. I feel, nevertheless, that it is necessary to in-
clude such a statement here.

Two more important methodological issues remain concerning the
approach I have taken: the validity of a microfoundations approach
in Marxian economics, and the validity of an equilibrium approach.

The microfoundations approach consists in deriving the aggregate
behavior of an economy as a consequence of the actions of individu-
als, who are postulated to behave in some specified way. I have taken
this approach throughout the book. For example, in the chapters on
the falling rate of profit, it is postulated that a technical innovation is
introduced only if it increases profits for a capitalist. This micro ap-
proach is different from a macro approach, which might say: We pos-
tulate that technical change takes the form of an increasing aggregate
organic composition of capital. From the micro vantage point, one is
not allowed to postulate an increasing organic composition of capital
unless one can show what individual entrepreneurial mechanism
leads to it. Marxists might question the microfoundations methodol-
ogy because one of the forceful points of Marx’s theory is that the
individual is not the relevant unit to examine — it is the class. This
might lead one to try and build a model in which classes are the atoms
of the system.

I think it should be possible to produce such a model, but I do not
believe that model would be contradictory to the ones I have
described in this book. The reason is this: That individuals act as
members of a class, rather than as individuals, should be a theorem in
Marxian economics, not a postulate. Marx’s point is that despite the
capitalist's incarnation as a human being, he or she is forced by the
system to act as an agent for the self-expansion of capital. Workers,
similarly, may have their individual yearnings and habits, but condi-
tions of life force them to acquire a class consciousness and to act, at
times, as agents of the working class as a whole and not as their own
agent. (This might be the situation, for instance, in a strike, where the
striker takes great chances for the good of the strike, which are not
personally worthwhile.) In each case, Marx has claimed that although
people exist organically as individuals, we can conclude that they act as
members of classes. It is in this sense that class behavior is a theorem
and not a postulate of the Marxian theory. [I have discussed this par-
ticular theorem of class consciousness elsewhere (Roemer, 1978b and
1979a.)]
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Thus, it is not antithetical to Marxian theory to produce models
using the microfoundations approach. In parricular, 1 suggest that
one theorem of Marxism is a “microfoundations of class” analysis.

Taking the argument a step further, [ would say that it is not only
admissable, but important, to take a microfoundations approach in
Marxian theory. A common error in Marxian discussions is functional-
tsm: to assume that a mechanism necessarily exists to perform actions
that must be performed to reproduce the system, Put more simply, if
the occurrence of X will further the reproduction of capitalist rela-
tions, then X occurs. For example, if racist attitudes exist among the
working class, then capital will be strong. Therefore, capitalism fo-
ments racism. What is missing here is a description of the mechanism
by which this is accomplished. It may be in the interest of capital as a
whole to maintain discriminatory wage differentials for black and
white workers of equal productivity, but why should the individual,
profit-maximizing capitalist respect this differential when he or she
can increase profits by unraveling the differential - that is, by hiring
only black workers at a slightly higher wage than they are receiving
under the racist regime? [For one answer to this question, see Roemer
(1979¢).] If we postulate capitalism as a system of anarchic, competi-
tive capitals, each bent on its own expansion, we must face this sort of
contradiction from functionalist arguments. Another example comes
from some Marxist-radical theories of education. Capitalism does
not require a highly educated working class, so the theory goes, but it
does require a well-socialized and docile working class. Schools, then,
will serve the role of socializing and channeling people into capitalist
society, but not of educating them. Now, this conclusion may be true,
but the functionalist nature of the argument eclipses the mysterious
and difficult part of the phenomenon — how does capitalism ensure
this role for schools, when teachers try to teach, students try to learn,
and so on? A third example is the role of the state. The capitalist state
acts in the interests of the capitalist class — that is the theory. But the
theory cannot be convincing unless one can demonstrate the mecha-
nism by which this occurs, especially because capitals do not have a
habit of cooperating with each other, as the primary aspect of each
capital’s existence is self-expansion and competition against other
capitals.

What one requires, then, are microfoundations for the role of rac-
ism, education, and the state under capitalism. Other examples
abound. In the cases when capitalism is guided as if by an invisible
hand to coordinate its preservation in the ways mentioned, one re-
quires an explanation of how anarchic capitals produce such a result.
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A second form of functionalism that exists among Marxists is the
converse of the first form: If X has occurred, then X must be in the
interests of capital. We again can take an example from education:
Because we observe compulsory education, it must be that capital re-
quires such for its reproduction. But this may not be the case: Com-
pulsory education may exist because the working class fought for ir.
One can find many examples of this form of functionalism in Marxian
work: The general consequence of the error is to attribute an omnip-
otence to the capitalist class that it does not possess in Marxian theory.
The capitalist class is pushed along by historical developments: Not
everything that happens under capitalism was planned by it, nor is in
its best interests. In fact, according to Marx, the general tide of histor-
ical development favors the working class. Again, a defense against
this form of functionalism is a microfoundations approach.

There is a third form of. functionalism among Marxists that,
strangely, seems diametrically opposed to the first two forms: If the
occurrence of X is necessary for the demise of capitalism, then X will
come to pass. We can see the general rule of which these different
functionalist forms are special cases if we phrase the general function-
alist position this way. We postulate a certain outcome for the social
system; functionalism then takes the form of claiming that only events
occur which lead to that outcome. In the first two forms of functional-
ism discussed, the outcome is the reproduction of capitalist relations;
in the third form, the outcome is the transformation of capitalism into
socialism. Perhaps the first two forms of functionalism are short-run
variants, and the third form is a long-run variant of the general func-
tionalist interpretation of Marxism.

Examples of the third form of functionalism in Marxian economics
are prevalent in crisis theory. The system must have crises, because
crisis is necessary for capitalist demise. The rate of profit must fall, be-
cause only in this way can crisis be brought about. The working class
must become impoverished, because otherwise it will never perform
its revolutionary task. Bourgeois democracy must transform itself into
fascism, because only fascism will heighten the contradictions of capi-
talism sufficiently to produce revolutionary transformation, which
must occur. These arguments are less than convincing; the form of
functionalism they involve is similar to that of the utopian socialism of
Marx’s time, which postulated socialist transformation without a
mechanism. Marx’s method was to counter utopian thinking by trying
to expose the mechanism that would bring the socialist transforma-
tion about.?

Finally, the equilibrium method has been used in the models in this
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book. While I have defended the approach of mathematical model-
ing, and the microfoundations approach, I have less confidence about
the equilibrium method. Like many economists of my generation, I
am strongly influenced by the power of the equilibrium method: of
examining a model when it is at rest, so to speak, in the sense that all
the rules that describe how its parts work are simultaneously fulfilled.
What is disturbing about the equilibrium method is that it pictures the
typical position of the system as a position the system rarely or never
enjoys. Of course, no sophisticated economic model builder would
claim that economies are in equilibrium in the sense of a static equilib-
rium model. A model is only an ideal type. However, there seems to
be a deep contradiction between using models whose main analytical
trick is to postulate a position that is precisely at variance with the
most interesting and important aspect of capitalist economy as
described by Marxian theory — its incessant, contradictory motion.
There is, therefore, the danger that if this intuition is correct, the
equilibrium method will prevent one from seeing the most important
aspects of the Marxian theory of capital. Knowing no other method,
I use the equilibrium method, with the vague thought that, when
rereading these pages in twenty years, its obsolescence as a modeling
tool for Marxian theory may be clear. (I might add that there is plenty
of precedent in Marx’s modeling of his theory for the equilibrium
method: Consider, for example, the notion of equalization of profit
rates among capitals, or the models of balanced growth designed to
show that capitalism was capable of reproducing itself.)

Summary

From the preceding discussion, it should now be clear what I am at-
tempting. The goal is to convey my perception of aspects of Marxian
economic theory by posing specific models. Furthermore, the aspects
of the theory that are discussed are classical ones; there is no attempt
to extend the theory to deal with new problems, such as the question
of exploitation under socialism discussed above.

In Chapters 1 and 2 the concern is with the Marxian notion of equi-
librium, and the theory of exploitation. A definition of equilibrium is
proposed that includes not only the usual concept of competition of
capital and profit maximization or the accumulation of capital
(leading to an equalization of profit rates), but also formalizes the
Marxian notion of the reproducibility of the economic system. The
model is examined in a general equilibrium framework. Within this
framework, exploitation is defined, and the equivalence of exploita-
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tion and positive profits is shown. In Chapter 1 the model is devel-
oped with the usual Leontief—Sraffa—Morishima linear input—output
specification of production. In Chapter 2 the model is extended to a
more general production environment: It is assumed that production
sets are convex sets. The purpose of this general treatment is to show
that the Marxian theories of equilibrium and exploitation do not de-
pend on the usual linear specification of production, but are very gen-
eral — as general, for all practical purposes, as the neoclassical model,
which has been developed for convex production sets. In addition to
this main theorem, there are various sidelights in these chapters; in
Chapter 1 there is a discussion of differential profit rates and imper-
fect competition in the linear model, and in Chapter 2 there is a modi-
fication of the exogenous subsistence bundle assumption which is
ubiquitous in Marxian mathematical models, and we allow workers’
consumption to be socially determined by technology.

In the first two chapters, one important market is missing, a credit
market. In Chapter 3 this omission is rectified by postulating that cap-
italists can borrow and lend capital among themselves, at an interest
rate. This allows a discussion of the foundations of the equalization of
profit rates in the Marxian model, and the differences between the
Marxian and “neoclassical” positions on the rate of interest as a return
to capital.

These three chapters constitute the first part of the book. Chapters
4, 5, and 6 are the next part, and are concerned with the theory of the
falling rate of profit. In Chapter 4 the relationship between the value
and price rate of profit is studied, and it is shown that competitively
induced technical innovations can only cause the equilibrium rate of
profit to rise in a linear production model, with only circulating capi-
tal. Technical innovations are described along two dimensions:
whether they are viable (will competitive capitalists introduce them?);
and whether they are progressive (are they socially desirable?). The
relationship between viable and progressive innovations is explored.
One interesting result is that viable innovations are not necessarily
progressive, nor are progressive innovations necessarily viable. At
first glance, this appears to contradict a neoclassical theorem, as it im-
plies that the invisible hand does not work very well. The exploration

of this anomaly awaits the reader in Chapter 4.

Despite an increasing awareness among Marxists of the rising-
rate-of-profit theorem of Chapter 4 (which, it should be pointed out,
Is not original with this author, but has been discovered by various in-
Vestigators over the past forty years), models continue to be put forth
to resurrect the falling-rate-of-profit theory. Chapter 5 addresses it-
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self to these models. The conclusion of the chapter is that none of the
proposals is convincing. Perhaps the most important such models to
evaluate are the ones involving fixed capital. It has been claimed by
several authors that the rising-rate-of-profit result is an artifact of
pure circulating capital models, but in the presence of fixed capital,
competitive innovations can lead to a falling rate of profit. This posi-
tion is rebutted in Chapter 5 by a theorem which states that in a gen-
eral model with fixed capital, the von Neumann activity analysis
model, competitive innovations result in a rising rate of profit. There
seems no hope for a theory of the falling rate of profit within the strict
confines of the environment that Marx suggested as relevant.

One of these confines is the assumption that the real wage remains
fixed before and after technical innovation. Indeed, if the real wage
rises, the rate of profit may fall with technical change. In Chapter 6 it
is shown that if the real wage increases after technical change, so that
workers maintain the same relative share in net product that they had
in the old equilibrium, then innovations that were competitively intro-
duced will cause the rate of profit to fall. This focuses attention on the
relationship between technical change and induced changes in the
real wage, which is a topic addressed in contemporary Marxian dis-
cussions of the labor process. The chapter concludes by showing how
these modern concerns with the nature of technical change mesh with
the classical question of the falling rate of profit.

Chapters 7 and 8 discuss the transformation problem. Already, in
Chapters 1-3, it has become clear that the Marxian theory of exploi-
tation can be constructed completely independently of the labor
theory of value as a theory of exchange. In Chapter 7 this important
point is expanded and specifically confronted. It is maintained that
Marx used the labor theory of value as a theory of exchange, at some
level of abstraction, and his theory of exploitation was then developed
as a corollary to the exchange theory. That is, the theory of exchange
was the conduit through which the labor theory of value was brought
to bear in deriving the theory of exploitation. In Chapter 7 the point
is made that the role of the labor theory of value in the theory of ex-
ploitation can be developed entirely independently of its role in
Marx's exchange theory. It is maintained that the most fruitful inter-
pretation of Marxian value theory entails discarding the labor theory
of value in its role as exchange theory, and maintaining it only in its
independent role in the exploitation theory. In doing this, we are also
led to an interpretation of the logical status of the subsistence wage
concept in Marx, and in the reformulation of Marxian value theory, we
are able to discard the subsistence notion. This approach enables,
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also, a new interpretation of the Marxian “law of value,” which is pre-
sented as a theorem in Chapter 7. This chapter will no doubt be
viewed with some controversy; it is maintained that the “transforma-
tion problem” is most fruitfully resolved by the model presented.

Chapter 8 is a technical study of what I have called the “transforma-
tion correspondence.” It is a continuation of the model of Chapter 7,
and asks: What is the range of prices that can correspond to a given
social rate of exploitation? Answering this question provides some in-
sight into the conventional approach to the transformation problem,
and allows comment on various issues, such as the relative importance
of “marginal utilities” and “class struggle” in determining relative
prices.

In the general equilibrium models of Chapters 1-3, the concern
was with the Marxian theory of value and exploitation. As such, the
model in those chapters abstracted from questions of unemployment,
state expenditures, and the possibilities of a discrepancy between
supply and demand. In Chapter 9 we model various classical Marxian
theories of crisis, by introducing these aspects into a model. First,
simple reproduction is studied, a situation where capitalists consume
the entire surplus. Then, extended reproduction is studied. These
Marxian notions are modeled: an industrial reserve army in general
exists, which puts downward pressure on the real wage; the unem-
ployed are supported at some subsistence level by a state tax on prof-
its; there is, in general, a discrepancy between ex post and ex ante in-
vestment. (Perhaps this last notion in this form is better credited to
Keynes than to Marx, although Marx was an ardent opponent of Say’s
law.) It is shown that the industrial reserve army’s effect on wages can
lead to a profit-squeeze crisis; the state’s role as taxer of profits can
lead to a fiscal crisis; and the possible discrepancy between actual
savings and desired investment can lead to a realization or undercon-
sumption crisis. The model is schematically represented in a conve-
nient diagram that enables one to see how the various crises occur.

Some advice on how to read this book would perhaps be useful. I have
tried to avoid a misleading simplicity, which could be achieved by
stating theorems or their proofs imprecisely. For the reader who
wishes to follow the argument in detail, such a simplicity would lead
only to confusion. The cost of my approach is that the book does not
make for casual reading. I have tried to compensate for this by pro-
viding ample discussion of the implications and motivations of
theorems. I hope the book can be read at two levels: One level skips
the proofs of theorems. The reader who follows both the proofs and
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the surrounding discussion will find that the level of familiarity as-
sumed with results used in mathematical economics jumps abruptly in
the proofs. In addition, some chapters are easier than others.
Chapters 2, 3, and 8 are more technical than the rest.

The book is not intended as a first exposure to mathematical
Marxian economics. In general, I have avoided developing models
that are available from other authors, and have concentrated on what
I hope are fresh approaches. The reader who has not seen the
Leontief-Sraffa-Morishima approach to the labor theory of value and
prices of production will probably have a difficult time. Two recent
books that provide a clear and elementary presentation of the mathe-
matics and economics of linear models relevant for Marxian analysis
are Pasinetti (1977) and Steedman (1977). More advanced treatments
can be found in, for instance, Nikaido (1968) and Schwartz (1961).
The other kind of mathematics used in this book is the apparatus of
fixed-point theorems and continuous correspondences, which is
useful for the study of general equilibrium. The most succinct sum-
mary of these tools is to be found in Debreu (1973). Another classic
source is Arrow and Hahn (1971).

=

1 Equilibrium and reproducibility:
the linear model

1.1 A brief review

We begin with a discussion of what constitutes an equilibrium, in
Marxian terms, of a capitalist economy, and for this chapter study a
linear, Leontief specification of production.! Capitalists all have access
to the same Leontief production system {A, L}, where

A is an n X n input matrix of commodities

Lis a 1 X n vector of direct labor inputs
If pisal X n commodity price vector and the wage is normalized at
unity so that prices p are interpreted as wage prices, then the usual
notion of an equilibrium-price vector in a Marxian system is a vector p
for which there exists a nonnegative number 7 such that

p=[1 + m)(pA + L) g1 I8 )

The vector pA + L is the vector of unit costs of production (assum-
ing that there are no fixed capital costs), and so 7 may be interpreted
as the uniform profit rate for the economy. There may be, of course,
many pairs (p, 7) satisfying Equation 1.1.

We add more information to the system by requiring that workers
each receive a subsistence vector of commodities b, an n X 1 vector. By
subsistence, we mean simply that the wage must be precisely sufficient
for b to be affordable, thus

pb=1 (1.2)

Here, the unit of time that denominates L, which is the same unit of
time for which the wage of unity is paid, is to be thought of as one
working day.
Combining (1.1) and (1.2), we see immediately that
p= (1 + mpA + bL) (1.3)
Thus, for a vector p satisfying (1.1) and (1.2) to exist, it is necessary

1D
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and sufficient that the augmented input coefficient matrix M = A + bL
possess an eigenvalue 1/(1 + ) that does not exceed one, to which
can be associated a nonnegative eigenvector p. According to the
Frobenius—Perron theorem, if M is an indecomposable matrix, then
M has a unique eigenvalue that can qualify; that is, M possesses a
unique positive eigenvalue to which can be associated a nonnegative
eigenvector. It is, furthermore, the content of Morishima—-Okishio’s
fundamental Marxian theorem (FMT) that if the rate of exploitation e is
positive, then the Frobenius eigenvalue of M will be less than one, and
so the associated profit rate will be strictly positive.

The rate of exploitation is defined in terms of the labor time
embodied in the subsistence bundle. The vector of labor values is A, a
1 X n vector, where

A=AA+L (1.4)

Assuming that A is indecomposable and productive, we can write?
A=LIZ-A)">0 (1.5)

The labor time embodied in the subsistence bundle is therefore Ab;
surplus labor time in the working day is 1 — Ab, and the rate of exploi-
tation is classically defined as the ratio of surplus to necessary labor
time:

1 — Ab

e(b) = Ab

(1.6)
Because the FMT has a prominent place in modern formulation of
Marxian economics, it is appropriate to provide a quick proof of it.

THeorem 1.1: Let M = A + bL be the augmented input coefficient
matrix associated with technology {4, L; b}. Suppose that M is inde-
composable. Then the unique rate of profit 7 associated with M is
positive if and only if e(b) > 0.

Proof: Let (m, p) be the unique pair satisfying
p = (1 + m)p(A + bL) (1.7)

which exists according to the Frobenius—Perron theorem. (p is deter-
mined only up to a scalar multiple; that scalar is determined by Equa-
tion 1.2.) It is also a consequence of Frobenius—Perron that, because
M is indecomposable, p > 0. Likewise, there is a strictly positive
right eigenvector x:

x = (1 + m)(A + bL)x (1.8)
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In (1.7) and (1.8), the eigenvalue of M is 1/(1 + ). w may in general

be negative. It is our task to show that 7 = 0 if and only if e(b) = 0.

Pre-multiplying (1.8) by the vector A and using the definition of e,
we may write

Ax =1 +1r}(Mx 1= Lx) (1.9)

1
! W
Because A and x are positive, both sides of (1.9) are positive, and we
may write
= Ax

[AA + 1/(1 + e)L]x

1+ (1.10)
Glancing at the definition of A in (1.4) shows, by consideration of
(1.10), that w = 0 according as ¢ £ 0. Q.E.D.

1.2 A more complete definition of Marxian equilibrium

In traditional mathematical models of Marxian systems, such as that
of Section 1.1, it is simply asserted that a Marxian equilibrium consists
of a price system that equalizes the rate of profit in all sectors. There
are, however, some problems with this formulation. First, what behav-
joral specification of capitalists lies behind this definition of equilib-
rium? The concept of equilibrium in economics is usually the follow-
ing: It consists of a state wherein, if all agents follow their specified
rules of behavior, the consequent outcome is socially consistent.
Speaking of equilibrium makes no sense if one has not specified
behavioral rules for the agents, in this case, the capitalists. In the
Marxian system (as in others), capitalists seek to maximize profits.
One should therefore try and derive the equal-profit-rate (EPR) price
vector as a consequence of profit maximization on the parts of capital-
Ists.

One might reply that the story behind the pre-model of Section 1.1
is in fact one of profit maximization: If the rate of profit differed
among sectors, then capital would flow to the highest-profit-rate

sector(s); prices would fall there (due to competition and increased

supply), and the profit rates would become equalized. Note, however,
that this is a rather complicated dynamic story, in which many points
are quite vague. How precisely do prices adjust? In fact, Nikaido
claims that under such a dynamic scenario of capital moving to
high-profit-rate sectors, there is no necessary convergence to any equi-
librium price vector (Nikaido, 1978). At most, what can be said of the
EPR price notion of Section 1.1 is this: If there is an equilibrium of the
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Marxian system, then it should be the price vector of equal profit
rates. However, this still leaves unspecified what the precise behavior
of capitalists is. For instance, in a (neoclassical) linear model, if capital-
ists are profit maximizing at prices that bring a positive profit rate in
all sectors, they will invest infinitely, to make infinite profits. Thus,
there could be no equilibrium unless = = 0, which is to say, unless the
real wage b becomes sufficiently bid up by escalating demands for
labor so as to wipe out profits. How, then, can the Marxian behavior
be specified in a way that allows a positive profil rate in a constant-
returns-to-scale technology?

Capitalists, according to Marx, are endowed with an amount of
money M, which they seek to turn into more money, M’, through in-
vestment and sale of produced commodities. This money M does not
appear in the formulation of Section 1.1. It is by appealing to the notion
of the expansion of a finite sum of finance capital that we shall over-
come the problem outlined above.

A second problem with the model of Section 1.1 is that there is no
mention of output levels. For a notion of general equilibrium, we
would like to specify not only prices, but what output levels are. To be
sure, the fact that Marxian “equilibrium prices” are independent of
output levels is usually regarded as a virtue: Prices are determined by
technical (4, L) and social (b) conditions, and do not depend on any-
thing else. Yet this is a false benefit, for an equilibrium theory should
provide some description of levels of output, even if prices turn out to
be independent of those levels.

To resolve these problems, we shall treat the economy slightly dif-
ferently from the treatment of Section 1.1. There are N capitalists:
the vth one is endowed with a vector of produced commodity endow-
ments w”. Workers have no endowments of produced commodities;
they have only labor power. We shall assume the same technology {A,
L}, but it operates in a different way. Production takes time. One
enters inputs today and gets outputs tomorrow. Furthermore, capital-
ists, facing prices p, are constrained in their choice of activity levels by
the value of their capital, which is pw". There is no credit market, and
they must pay for inputs today. (In Chapter 3 we shall relax this
restriction of no credit market, and show that none of the results
change.) Capitalist v starts with capital @*, which he seeks to turn into
more wealth at the highest rate of return. Thus, the program of capi-
talist v is

Facing prices p, to

choose x* = 0 to

max (p — (pA + L))x”

s.t. (pA +L)x' = p - @ (P)
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(The constraint says that input costs can be covered by current capi-
tal.) Let us call A¥(p) the set of solution vectors to this program.

In this economy, for a given price vector p, the plans that different
capitalists choose may not be feasible in aggregate. That is, we must
guarantee, for p to be considered an equilibrium price vector, that the
production choices capitalists make are globally feasible, given social
endowments @ = Sw". For each v, let x¥ € A*(p) and x = Z x*. Then
x is globally feasible if

Ax + (Lx)b = w (1. 103

which says that total intermediate inputs (Ax) plus wage goods for em-
ployed workers, (Lx)b, must not exceed the total supply of goods. (We
assume that wage goods are dispensed at the beginning of the period.
Thus stocks must be sufficient to accommodate them as well.)

There is a second attribute that Marxian equilibrium should have.
We wish to guarantee that the economy reproduces itself. The Marxian
notion of reproduction means that the system should create institu-
tions and ideology that enable it to continue existing. We do not try to
capture this deep idea, but rather the simple economic prerequisite
that the economy should not operate in such a way as to run down
some necessary stock to zero, in which case further production would
be impossible. There are various complicated ways of specifying con-
ditions to assure that this will not happen. A particularly simple way is
to require that the stocks, at the beginning of next period, should ex-
ceed, component by component, stocks this period. If aggregate
stocks this period are w, then stocks next period will be

o — [Ax + (Lx)b] + x

where x is the aggregate vector of activity levels operated, only em-
ployed workers eat, capitalists do not eat, and all stocks not used are
storable. Hence, our requirement for reproducibility is

@w—[Ax + (Lx)b] + x = @
or
x = Ax + (Lx)b (1.12)

We can now state the definition of equilibrium, Facing prices p,
each capitalist maximizes profits using the technology {A, L}, subject
to his or her capital constraint. Will there exist a set of individually op-
timal actions for capitalists that are socially feasible and reproduce the
economy?

DermniTion 1.1: A price vector p is a reproducible solution (RS) for
the economy {A, L; b; @*, . . . , @} if:
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(a) For all », 3x" € A¥(p), such that (profit maximization)

(b) x =% x*and x = Ax + (Lx)b (reproducibility)

() pb=1 (subsistence wage)

(d) Ax + (Ix)b=w =2 o (feasibility)

We shall also refer to the entire set (p; x*, . . . , x¥) asa reproducible
solution.

This definition provides a behaviorally specific concept of equilib-
rium, as our discussion above required. One might still ask for a more
amplified behavioral description of workers, In the present model,
they are quite inanimate, demanding always the constant vector b.
Furthermore, one might ask what capitalists consume, and what
happens to workers who are unemployed at equilibrium. These are
questions that, to some extent, are treated in later chapters in various
ways. For the present, however, the purpose is to derive a consistent
model of capitalist behavior, from which can be specified an equilib-
rium concept. Definition 1.1 attempts to capture the idea that capital-
ists are agents whose role is to transform their fixed sum of capital
into the biggest sum of capital they possibly can during the produc-
tion period.

We can now prove that, in fact, the only possible equilibrium price
vector is the equal-profit-rate (EPR) price vector; and that such an
equilibrium exists if social endowments @ are suitably close to the bal-
anced growth ray of the economy.

THeorem 1.2: Let the model {4, L, b} be given with A productive and
indecomposable, and the rate of exploitation ¢ > 0. Let (p, x', . . . ,
x") be a nontrivial RS (i.e., & x' = x # 0). Then the vector of prices p
is the EPR vector p*. Furthermore, a RS exists if and only if @ € C*,
where C* is a particular convex cone in R" containing the balanced
growth path of {4, L; b}. (C* is specified precisely below.)

Proof: Let x # 0 be the aggregate activity vector associated with the
RS. By Definition 1.1(b), x = Mx. Recall that M = A + bLis the aug-
mented input coefficient matrix. Notice that, from Theorem 1.1, we
infer that ¢ > 0 means M is a productive matrix — that is, the Fro-
benius eigenvalue of M, 1/(1 + =), is less than unity. It follows from
the Frobenius theorem that (I — M) ™! exists and is a positive matrix,
because M is indecomposable. Notice also that because x # 0, we
must in fact have x = Mx; for if x = Mx, then M's Frobenius eigen-
value would be unity, which it is not. But x = Mx implies that
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(I — M)x = 0; because (I — M)~! > 0, this in turn implies that x > 0.
That is, at a (nontrivial) RS, all activities must be operated.

Capitalists facing prices p, in maximizing profits, will operate on.ly
those processes generating the maximal proﬁt rate, and lh.ey.mll\
operate those processes in (any) convex combination to f.he limit of
their capital constraints (by linearity). This is seen by recaflh_ng the cap-
jtalist's program (P). Hence, for all processes to operate. it Is necessary
that the price vector p generate the same profit rate in all sectors. By
{he’Frobenius—Perrnn theorem, there is a unique such vector up to
g;'(.-:alc, and its scale is determined by part (c) of the definition of RS.
Thus, there is at most one viable price vector, p¥, where p* = (1 +
m)p*M.

Let C* be the convex cone defined by

C* = {w ERY(Fx = 0)(Mx = @) and x= Mx}

C* is a convex cone, and it is non-empty because there exists a bal-
anced growth path x* such that

x* = (1 + m)Mx* x* >0

‘where 7 is the profit rate associated with p*. (¢ > 0 guarantees m > 0,
from the FMT, Theorem 1.1.) Hence Mx* € C*, with appropriate
sc‘ahng of x*. 1t follows from previous remarks that C* is a closed
non-empty convex cone in the nonnegative orthant R%. (Note t!lal the
only point of C* not in the strictly positive orthant is the origin.)

We proceed to show the existence of a RS if @ € C*. Let X be a
vector that exists if @ € C*, such that MX = @ and X = Mx. Let p*
rule, as those are the only possible equilibrium prices. Notice in this
case that any activity vector that uses up capitalist ¥'s capital is in fact a
profit-maximizing one, because all processes generate equal profit
rates at p*. It follows that

A(p*) = {x = Olp* Mx = p*w}  where A(p) = 2 A*(p)

[Notice that any x in this set can be decomposed as x = 2 x*, where
PX’ = pw’, and thercfore x* € A’(p*).] In particular, it follows that
X € A(p*). All conditions of the definition of RS are satisfied.

Conversely, let {p*, x!, . . . ,x"} be a RS. By linearity, each capital-
ist must spend the entire value of his or her endowment if he or she is
Mmaximizing profits; thus

p*Mx' = p*w” Yo
and so

P*Mx = p*w
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where x = % x*. From part (d) of the definition of RS, Mx = ; be-
cause p* > 0, from the Frobenius—Perron theorem, it follows that
Mx = @ from the last equation. From part (b) of Definition 1.1, x =
Mx, and consequently @ € C*.

Hence C* is precisely the cone of initial aggregate endowments for
which reproducible solutions exist? Q.E.D.

Notice in the proof what assumptions are necessary to show that the
EPR price vector p* is the only equilibrium price vector: All capitalists
face the same technology, capitalists profit maximize, and the system
must reproduce. If a capitalist had only the operation of certain
sectors available to him or her, clearly reproducible price vectors
could exist with different profit rates. (We shall study this more pre-
cisely below.) More important, however, is the observation that if the
requirement of Definition 1.1(b) of reproducibility is dropped, then
there can be equilibrium price vectors that render differing profit
rates across sectors. Only those sectors will be operated that enjoy the
maximal profit rate. Hence, the classical notion of the reproducibility
of the economy is intimately bound up with the equalization of profit
rates in this economy.*

The reader can easily verify that, although the indecomposability of
M is key in this prool, so that all sectors operate at equilibrium, an
analogous theorem holds for decomposable technologies. The modifi-
cation becomes: The price vector must equalize profit rates among all
sectors that operate.

Before continuing, let us reiterate the purpose of Theorem 1.2. It
makes precise the sense in which the EPR price vector is a set of equi-
librium prices. Notice that the equilibrium concept is a static one; as
was mentioned previously, conceiving of EPR prices as an equilibrium
of dynamic capital flow-price adjustment models is problematical.

Notice also that the sense in which a reproducible solution repro-
duces the system is quite limited: The only workers who get repro-
duced are those who are employed. [This is embodied in Definition
L.1(b): The only demand for goods by workers is from employed
workers, in amount (Lx)b.] Indeed, the model says nothing about un-
employment. By pursuing this question a bit, we can tell a story to mo-
tivate the assumption that workers receive only a subsistence wage in
this model. The scale of aggregate production is limited by initial ag-
gregate endowments. Even if workers received no wage, the ag-
gregate activity vector x must satisfy Ax = @. Hence there is some
maximal demand for workers implied by society’s finite capital stock.
If the supply of workers is greater than this maximum, the wage

would be bid down to zero by competitive forces. Before the wage
falls to zero, however, workers will cease to offer their labor power for
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sale; in particular, if the wage is not sufficient to purchase some sub-

sistence bundle b, then workers will withdraw from the capitalist

economy and engage in handicraft production, or some such a]tergi;
tive. Thus the wage will be driven down to the subs‘lstence.wiagel, ;
no lower. The excess supply of workers forfns .the mdustna”]e:,f:l \;]e
army who are indifferent to joining the caplta.hst sector at wagesr Ee:
but who are always available should .tl-'lf'.' wage rise. Thus, ‘().ilc stodr‘) =
hind the subsistence wage as an eq_ull.lbrm.m cm?cepl, wbm; we‘kel'li[fl
from this model, flows from the limited size of the capital stock w
respect to the size of the labor force.

1.3 A model of imperfect competition

We next pursue a slight generalization of the above mod(lel‘. ?up?;asﬁ
that all capitalists do not face the same technology. Inlpa}"t{cti{ ar,{;e 3
.ca-pitalist has access to only a subset of the lechr?u Oglcb "(l)r‘ i
sectors. Of course, there may be some sectors to which severa L'apl‘
ists have access. Let us specify that capitalist ¥ can operate any sector
indexed by an integer in the set S,, where §,is a Sl%bti(i:{ of 1,2 I. mk.
n}. As before, there is no credit r.narket, 50 a capltal_lst can on; sﬁnc
capital into one of the sectors available to h1r.n‘ or her. Wth]-—nd}h c 2
‘reproducible solutions as before; the only dlﬂerfnce i t .1}11 the qpﬁ[
gram for capitalist v to which the vectors A'(p) are t e‘ p! 0,1 ;
‘maximizing solutions is more restricted than before, because Lap;::\;hl.s
v has access to only certain columns of the ta:chnolﬂg)‘-' {A, L}.- '1::
does the class of prices that support reproducible SO]l:ltl(.)I]S look hl I;,e
Clearly, the EPR prices p* will be a RS; b%u therfe will in genera 3
others. This might be viewed as a model (:lf 1.mpcri ect competition, 'e-
cause “entry” into the various sectors is hm.lte(.i. Alternatively, we can
view S, as the information available to capltalistl v. g, e
The perhaps surprising fact is that there are, in gencra]. an m_hn;;};
of equilibrium price vectors for this economy. In t:acl, ‘:fe can use the
Kaleckian notion of degree of monopoly (Kalecki, 1.9:)4)‘an.d as.serl
toughly the following: For each of infinitely many prior dlstrlbun\ons
of degrees of monopoly among the n capitalists, there cor}"cspondb an
equilibrium price vector. Hence, at the level of .abstracuon ‘a.du‘ptecl
thus far, it is “market power” that must dcterr.mnc the egulhbrlu:‘ﬂ,
although there are other possible stories which will be mentioned later.‘
To see this, let us start with the simplest case. Suppose .tha.t the sets
81, . . ., Sy of technologies to which the vefri.ous capitalists h.ave
‘access are pairwise disjoint: §; N §; = @, for all )= 1, N. {In p.arl.lcu'—
lar, in this case we must have N =< n if all capitalists are (o exist in a

j- nontrivial way.) We maintain, for simplicity, the assumption that the
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technology is indecomposable. Then, as before, all sectors must
operate to achieve a RS. It follows that p can be an equilibrium price

vector if and only if the profit rates are equalized within each set S,
Formally, let

pi= (1 +m)pMy M, = A; + (bL),

define the profit rate in sector i associated with a particular price
vector p. (M and Ay are the ith columns of the matrices M and A.)
Then p is a reproducible price vector if and only if:

()i, ] € S, 2> m = m) (1.13)

For if this did not hold for some v, then that capitalist would operate
only the sector(s) of maximal profit rate in his or her available set S
Because no one else can operate the other sectors, by disjointness of
the §,, reproducibility is impossible. Conversely, if condition (1.13)
holds, it is clear any desired levels of activities that are socially feasible
can be achieved as individually profit-maximizing for capitalists.

We next prove that we can specify the profit tactars to have any de-

sired ratios among the sets Sy, . . . , Sy, and a price vector achieving
those profit factors exists.

Lemma 1.3: Let d,, . .
(1) mind; = 1

(1) max d; <1 + 7%
where 1/(1 + #*) is the Frobenius eigenvalue of the matrix M. Then
there exists a unique price vector p = 0, which is in fact strictly posi-
tive, generating positive profit rates 7, in sectors i such that:

1+ m Nl d:

1+ T i E{;

-, dy be any positive numbers such that:

for all 4, §

Proof: Let D be the diagonal matrix (dy). Clearly MD is indecompos-
able.

MD is a productive matrix: for let p* be the eigenvector of M:
P* = (1 + m*)p*M
Because max; d; < 1 + #*, it follows that
p*D~* > p*M
and so
p* = p*MD,

showing the productiveness of MD.
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' Hence, there is a unique vector p and positive number ¥ such that
p=(1+ rypMD

SO

pD~ = (1 + NPM

B = di(1 + )PMi _
Thus the profit factor in sector i associated with the vector p is

14+ m=d+7

3
3
B

1+ d

- > 0 for all i. because d; = 1 and ;.> 0.
';:Z::; :‘f p follows easily. If p were not unique, there would

t a vector p such that

fi = d(1 + HPMD |

ore ? xs defined by the profit rate in the sector 1 for which d&; = L.
B=(1+HpMD

dicting the uniqueness of the Frobenius eigenvector for the

MD. Q.E.D.

't can be observed from the proof that the condition dm;(1 qul I-tl;
only a sufficient condition for the result of the }emmz! to i o
1 dmax can be greater than 1 + 7 and the result mlay.s - L}“;
shall not be concerned with a more c?mplete formulation ¢
able domain of degrees of monopoly. . ' ;
g;ia:’:t application otg:he Lemma 13 to the case in point, :‘:::z‘
N S, = @ for all v, u, shows that a unique equlhbnumlpli:;e
sts, for any desired distribution of degrees of monopo }l;e ,(}v. B
mong the various capitalists. Simply assign the number
= O:.fsix:ileigtjen of the general case, whffre Su anq §, may u.\rf:rlagi
now be carried out. We first must define an admissable ;ndem;gt .
lists. We wish to index capitalists from 1 to N in such a way 't—aﬁs[
ist with index v never has access to an activity to which capi dder
) does not have access. That is, capitalists are indexed in or
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of nondecreasing access to information, so to speak. Formally, this
may be accomplished as follows,

DeriNtTioN 1.2: An indexing 1, . . . , N of capitalists is admissable,
if, when the sets Ty are formed:

T, =85,

Ta= 5 —§;

Ty = 8 = (5, 1183)

Tk e Sk ==} Si
i<k

Bty U §;
i<N

they have the following property: For some integer | <=t = N, T}, #
Ofork=7and T, = 0 for k > 7.

This somewhat awkward combinatorial definition states that each
ol the first r capitalists has access to some process not accessible to cap-
italists of lower index, but that no capitalist of index larger than 7 has
dccess to a process not already accessible to some capitalist of index
=7

For any partition Sy, . . . | Sy of the activities, it is easily seen there
15 at least one admissable indexing of capitalists. In general, there are
many admissable indexings. For instance, if every capitalist has access
1o a sector to which no other capitalist has access, then any indexing of
the capitalists is admissable. The case of pairwise disjoint S, is a spe-
cial case of this special case.

We can now state the general theorem.,

Tneorem 1.4: Consider the imperfect competition model where cap-
italist v can operate only sectors in a subset Syof{l, ... n}Letg =
{ir, - . . | in} be any admissable indexing of capitalists. Let

L, =68, - Y S,

Let there be 74 non-empty sets Ty. Let dy = - -
such that

(1) dy=1

(i) d,, < 1 + 7%

+ =d, be numbers

K

o
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: 1/(1 + 7*) is the Frobenius root of M. Then.there 18 a gni.qug
. eveétor p that achieves degree of monopoly d; icnt lh_e capitalist g
om corresponds the non-empty set Tj,. That capitalist, at t?xe RS
esponding to p, operates all sectors in Ty, Con?fcrsely.. all repro-
55. price vectors are of this form for some admissable indexing 6
and &egrees of monopoly d; = - - * = d,,.

(As in Theorem 1.2, the existence of a RS corresponding to p is Sl:,l;_
| o the réquircment that the aggregate _endowmems ® I:_)c su(ita. y
to the balanced growth path. In addition, as was me:nuolrlncz pfe;
sly, there is in fact slightly more freedom possible on the larges

e ei:igltzzl::g?tly(;} Theorem 1.4, for the sake of clarity, iF s not
ﬁaeclft'[ed what degree of monopoly will b(? enjoyed by gcta!)llaljst‘vlf:‘)sr
'> 7. The procedure for deciding is this: Insert Caplt.d.llsl vsl 5;::8 0:
Yo' the original chain Ty, . . . , T, and ascertain at what pmnh o
ceases to have access to new information. That is, define the sets:

T;(l"} = 'Sv
Tolv) =5 — S
:‘ Telv) = 8, — 'E:Jk Y

some k = 7, Ty(v) = 0. Let k, be the largest integer & for which
) # 0. Then capitalist » will sustain degree of monopoly d, at the

The statement of the proof of Theorem 1.4 will not be Pr(?“.dﬁq;
e main work is in the theorem’s formulation, not its proof, which is
ec lication of Lemma 1.3.

T;leec(:r::l:x? 1.4 is a little surprising: One might‘ think that the tec‘h.rlol-
(A4, L; b) would impose certain restrictions on the ;‘)::u"tmt?nlrsl
. ., Sy of information available to various capitalists, for whic
e could correspond price vectors allowmg zj.ll sectors to opet."z?tle
der individual profit maximization, while giving dlffer.em capital-
s different profit rates. This, however, is not so. Any a.rbltrary pariil-
ing of “information” can support an equilibrium price vector that
ovides differential returns to the special information possessed by
various capitalists. : e
Ow special the information possessed by a particular cz'apltal st is
be gauged by how high is his or her index in some adrmssz?b tiil{’l—
g. Suppose, for clarity, capitalist #’s set S, is strictly contained in
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all other Sy: then he will always be of lowest index in any admissable
indexing, and his degree of monopoly will be minimal. The opposite
case is of a capitalist who has access to a sector to which no one else has
access; then there exists an admissable indexing in which his index is
the highest, and hence there is an equilibrium price vector at which he
possesses the highest degree of monopoly. (Note, however, that there
may also be admissable indexings in which he has a low index.) This
last point is starkly summarized as follows.

CororrAry 1.5: Let a partition Sy, . . . , Sy be such that each capital-
ist possesses access Lo a sector accessible to no other capiralist; that is,
BJS, #11, . . ., n}, where J is any proper subset of {1, . . ., N}

Then there is a reproducible price vector assigning the maximal de-
gree of monopoly to any given capitalist.

The second perhaps surprising conclusion of Theorem 1.4 is that,
once an admissable distribution is decided upon, only the ordinality of
degrees of monopoly is determined. The cardinalities can range over a
continuum,

Thus, we have a hierarchical determination of the degree of
manopoly: First, there are upper and lower bounds placed on a capi-
talist's ordinal ranking in the degree of monopoly based on the
amount of information he possesses — this idea is summarized by his
possible positions in admissable indexings. Second, given an admis-
sable indexing, the precise cardinalities of degrees of monopoly are
(virtually) arbitrary, in ratio (by Lemma 1.3). Thus, as far as the
theory developed to this point is concerned, one would be inclined to
say that market power determines the precise oligopolistic solution
for the price vector.

What has been endeavored in this section has been o provide a
basis for further modeling of oligopolistic behavior in the linear
Marxian model. We have seen, first, that any partitioning of entry
barriers in a linear Leontief technology can support a reproducible
solution; but, furthermore, there is a great range of reproducible so-
lutions possible. Which reproducible solution is arrived at can be dis-
cussed only with further stipulations on the model.

Finally, it might be mentioned that there is one way of arriving at a
determinate solution to the problem without recourse to bargaining
models. One can take the point of view that the degree of monopoly is
really a differential rent. Imagine that there are two ways of pro-
ducing each good i: the observed way (4;, Ly), and some inferior way
(A, Ly). There is limited entry to operation of the observed technique,
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but free entry to the technique (fu, l-..i). It is then possi_ble to con stru.ct
g.;heory where the degrees of monopoly are deu?rr[:unec_l by the dif-
erential rents of the superior processes over their inferior counter-
Thls model will not be pres.ented here, as the. suppom.tlon of
« (non-observed) inferior processes stretches the imagination. At
 as a thought experiment, however, the idea deser\fer: mention, as
ows how what may appear to be a pure bargaxpmg—markct-
: er phenomenon in fact has a compe_u'tive structure in Lh_e alten.la-
tive opportunities faced by the agents in tl_le bargain. .Bas:cally, _the
argument is this: The degree of monopoly in the auto 11_ndustry rises
a5 the relative price of autos rises. How high can this degree of
ﬁoﬁopoly be pushed? If auto prices rise too high, then the inferior
auto process, into which there is free entry, becomes profitable, and
italists rush into that activity and other sectors do not operate,
n-aying reproducibilily. Hence, there is a limit to t.he degree of
wopoly in a particular sector imposed by the proc}uctweness of the
dow) inferior activity for producing that sector’s output. Th!s is
.thf sense in which the degree of monopoly in a sector Wllth hmufed
:  can be viewed as a differential rent over processes into which

there is free entry.

Some dynamics in the linear, Leontief model

eturn now to the competitive model of Section 1.2 where all capi-
; have access to the entire technology (A, L). Recall from
rem 1.2 that a reproducible solution exists if and only if the so-
cial endowment @ lies in a certain cone C* containing the balanced
growth path. This raises the following dynamic question. Suppose
hat @ € C*, and a RS prevails. At the beginning of the next period,
tere will be new social endowments @', as a consequence of last
period’s production. Will @' € C*? That is, would a dynamic model
d to continued reproducibility? In general, the answer is no: It de-
pends on the technology. We shall investigate this question in this sec-
ion.
We first define a weaker equilibrium notion than reproducible so-
n. Individual capitalists are not concerned with whether a given
uilibrium is reproducible; they simply maximize profits. This moti-
the following definition.

NITION 1.3: A competitive equilibrium (CE) with respect to initial
dowments (@', . . . , @") is a pair (p, x) such that:
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(a) x € A(p) = X A%(p)
(b) pb =1
(c) Ax + (Lx)b = @ (Mx = @)

That is, a CE that is also reproducible is a RS. Even if @ & C*, com-
petitive equilibria exist.

THeorem 1.6: For any (@', . . ., @"), a competitive equilibrium
exists.

Proof: Let S = {p|pb = 1}, the simplex. (Assume that b > 0 so that § is
a simplex.) Construct the correspondence z(p) = {Mx — w|x = X x*,
x’ € AY(p)}. It is easily verified that z(p) satisfies the requirements of
the fixed point lemma;® hence, a vector p and % exist such that
Mx — @ = 0and x € A(p). Q.E.D.

If w & C*, what happens? We shall say that a competitive equilib-
rium is arrived at, (p, x). The mitial endowments for the next period
will be

wit + 1) = w() — Mx + x

that is, the old endowment plus net outputs x — Mx.

DermviTioN 1.4: A good is in excess supply at a CE (p, x) if o >
(Mx);.

Lemma 1.7: If good ¢ is in excess supply at CE (p, x), then it is not pro-
duced:

W > (Mx); = x5 =0
Also, a good in excess supply is free:
w = (Mx) = p =0

Lemma 1.8: Let (p, x) be a CE for technology {A, L; b} for which it is
assumed that e > 0. If pw > 0, then (p, x) generates positive total
profits.

Proof of Lemma 1.8: Suppose that there were zero total profits at (p, x).
Then each capitalist makes zero profits. Because pw > 0, for at least
one capitalist, pw” > 0. This capitalist will operate a positive-profit-
rate activity if there is one, so all activities must have nonpositive
profit rates, hence:

P=pM
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x* be the column eigenvector of M. We know that Mx* < x*,
robenius—Perron. We know that p = pM is impossible by_Fm—
-us. because M has a unique row eigenvector, and it is associated
i genvalue 1/(1 + m) < 1. Hence

p=pM
wiltiplying by x* gives
Px*. = pr*
x* = (1 + m)Mx*, which implies that
s contradicts the original assumption. Q.E.D.
of Lemma 1.7: Consider capitalist with endowment @". Let (p. x)
E. Say pw > 0. By Lemma 1.8, there are positive total Pro.hts;
ce there must be a positive profit-rate process, and so capltahs_t v
certainly operate this process and make positive prohts. By lin-
ty, capitalist v will therefore operate to the limit of his capital con-
int. That is, he will choose a vector of activity levels x” such that

'P:Mx” JI5 pﬁ)’ (].14)
the other hand, if pw” = 0, then certainly (1.14) holds also.
e, ﬁ.aﬂdiﬁg gives

PMx = pw

PMx —~ w) =0 (1.15)
5) it follows that any good which is in excess supply at CE (p, X)
ro price. Consequently, the profit rate for operating the activity
oduces that good is nonpositive. However, by Lemma 1.8, we
that there are positive profit-rate processes: hence, the nonposi-
ofit-rate processes will not be operated. Q.E.D. ‘
¢ Lemma 1.7, it is possible to construct a complete taxonomy of
CE for the case of an indecomposable 2 X 2 matrix M. Let M be
2, and let @, and @, be the (positive) input requirement vectors
operating the first and second processes, respectively, at unit

@ = M(1, 0)
a; = M, 1)

us suppose that e lie as pictured in Figure 1, which is the positive
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Figure 1

or:thant In input-requirements space. Then any vector of outputs x
will generate iput requirements lying in the cone 4,04 Sup
that the initial endowment vector lies to the right of t}:e C(:;IE zgp;ff
Lured: Then, by feasibility, any competitive equilibrium (p, ;:J must
ave 1ts Input requirements Mx lying in the rectangle CawDO to the
:;::u’thwest of @; because Mx € A,04, also, it follows that good 1 must
In excess supply at competitive equilibrium. It follows by Lemma
1.7thatp, = 0 = X1 Thus, only process 2 is operated, and process 2 is
operated to the limit of the capital constraint. ‘ k
.To get a __dynamic story, we must replace the discrete model here
with a continuous model. We shall not do this in all rigorous detail
here, but the idea is as follows: We think of @ not as a stock of inputs
tolbe used up, but as a stock of capital generating capital services over
;airlgle nun.l.ber ‘of periods. At each period, the initial endowment of
cufscd; @, 1s adjusted by the net product x — Mx, in the sense dis-

w(t + 1) = w(t) — M[x(t)] + x(1)

We have obsel_-ved that if @(?) lies to the right of the cone A,04,, then
we get a solution x(#) with the property: ,
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xu(t) =0
xa(t) = 0
hermore, M[x(#)] > 0, and we therefore have

aglt + 1) < anll)
@t + 1) > wall)

rve, also, that x,(t) > {M[x()]}, by productivity of M.) Hence,
et endowment vector moves toward the cone, as indicated by the
Figure 1.
n carry out this analysis for other positions of the initial en-
wment vector, and the phase diagram of Figure 1 is generated.
In Figure 1, x* is the bal anced growth path. BiOB, is the cone C¥, in
reproducible solutions exist. A;04, is the cone of feasible input
ments. If @ lies precisely on the balanced growth path, then
e is a competitive equilibrium that keeps it there. However, if @
elsewhere in the cone A;0A,, the endowment vector, over time,
away from the balanced path x* toward the boundary of the
n the cone’s boundaries, behavior is not continuous.) If o lies
y outside the cone, it moves toward the cone. From the figure, it
een that the difference between @ € B,0B; and @ & B,OB; i3
. If and only if @ € B,OB,, the endowments of both goods in-
uring that period. Hence, the dynamics are unstable. w does
‘converge to a value inside B,0Bs.
There is a second case, namely, when the factor intensities are re-
, as in Figure 2. (In the first case, each output was relatively in-
e in its own input.) In the factor-reversal case, the phase dia-
m of Figure 2 holds. Thus, the case of factor intensity reversal
enerate stability and a convergence of endowments toward the
B,0B, where reproducible solutions exist.
discussion shows that in general there is no convergence
reproducible solutions. It is possible, though perhaps not
1, to interpret the paths that lead away from the cone of repro-
endowments as the paths leading to the “disproportionality
ses”’ of Marx.
re appropriate, however, is to consider a possible alteration of
: basic model that should be made if we are to consider it dynami-
Time is of the essence in the model of production constructed in
pter, and so it is only appropriate to allow capitalists to expect
rent prices to hold tomorrow than hold today. Instead of assum-
that tomorrow’s prices will not change, capitalist » may hold ex-
tations that prices next period will be pfs;, when today’s prices are
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by

(&)

Figure 2

Pt We would then consider the model of the present chapter as a tem-
porary equilibrium model. In particular, as the economy starts to run
out uf: one good, as happens in the exploding technology of Figure 1,
we mllght expect capitalists to raise their price expectation for the
good in short supply, thus making its production more profitable
lh}]s resolving the crisis of exit from the feasible cone C*. Such com-‘
Rhcations shall not concern us here.® For our purposes, we may con-
:suder the model of this chapter to apply to stationary points of capital-
ists’ price expectation functions. If the endowment “converges” as in
Figure 2, then in fact stationary expectations are consistent, and the

economy eventually converges to aggregate endowments on the bal-
anced growth path.

The main purpose of this chapter has been to define a precise equilib-
rium concept for a Marxian model, the concept of a reproducible so-
lution. In the next chapter, we investigate the application of this idea
to economies with far more general production sets than the Leontief
technology {A, L}. Our concern shall be to develop the Marxian
theory of value in these general economies.

Reproducibility and exploitation:
a general model

Introduction

we shown that the traditional Marxian notion that equilibrium
s must be the vector of equal-profit-rate prices can be imbedded
neral equilibrium framework using the idea of reproducibility,
in a linear, Leontief model. The task now is to investigate how
these ideas are if we consider more general technologies. In
-ular, we shall focus on two important ideas: the existence of re-
cible solutions for economies with more general specifications
uction, and the validity of the fundamental Marxian theorem
-exploitation is synonymous with positive profits. In Chapter 3
investigate a third important idea — whether equilibrium prices
ize profit rates among sectors in these more general models.

‘The answer is that the Marxian concepts, as discussed in Chapter 1,
tractable, and the important theorems do generalize to a pro-
_environment in which capitalists face general, convex pro-
n sets. Thus, the ideas developed by Morishima (1973), Wolf-
(1978), Okishio (1961), von Weizsicker (1973), Maarek (1975),
dy (1970), and others for linear, Leontief models, and generalized
Morishima (1974) to von Neumann production models, are shown
depend not at all on the activity analysis specification of pro-
n. Convexity suffices to define the concept of exploitation, and
ify the equivalence of profit making and exploitation.

arrying out the analysis for convex production sets is instructive
nother reason: It makes clear precisely which aspects of classical
arxian value theory are not robust, but incidental to the main story.
1 particular, the use of individual labor values of produced commod-
falls by the wayside. In Chapter 1, exploitation was defined by
g the labor-value vector A; here, this is no longer possible, nor is it
essary. This enables us to conclude that the Marxian theory of ex-
itation is independent of the conception of microdenominated,
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Notes

Introduction

1. My ideas on methodology have been influenced by many conversations with
Duncan Foley, and by the approach of Lakatos (1976) to the development of mathemat-
ical ideas. Indeed, 1 can claim no great originality for whatever seems novel or useful
in this introduction, as I am not sure where the ideas of Foley and Lakatos end and
mine begin.

2. Smolinski gives a third veason, with which I do not completely agree, for the lack
of mathematics in Marx: that the type of discrete and discontinuous phenomena with
which Marx was concerned were not best modeled with calculus and algebra, but rather
with linear algebra and finite mathematics, and he had little or no knowledge of these
fields.

3. Since writing this I have encountered a more complete discussion of functionalism
in Elster (1978).

1. Equilibrium and reproducibility: the linear model

1. A more lengthy discussion of the material in this section is Maorishima (1973},
Parts 1 and I1. Other useful introductory sources are Pasinetti (1977) and Steedman
(1977).

2. The following convention on vector orderings will be observed throughout the
book. For two vectors x and y, x = y means that x;  y, for all components of the two
VeClors; x = y means X = y but x # y; x > y means that x; > y; for components &

3. A picayune point concerning Theorem 1.2 could arise. Are there trivial reprodu-
cible solutions (x = 0) associated, perhaps, with price vectors other than p*? To ex-
clude this possibilivy, we need 1o guarantee that at the RS, some capitalist has a positive
amount of capital pw* > (. (This can be guaranteed, for example, by insisting that so-
cial capital is a positive vector: @ > .) Otherwise, there may exist trivial reproducible
solutions associated with price vectors other than p*.

4. When a credit market is introduced, in Chapter 3, there is another genesis of the
equalization of profit rates. This discussion is resumed at the end of that chapter.

5. This lemma is a form of the fixed-point thegrem that is used © prove
the existence of economic equilibria. Statement of the lemma is on page 42. A
proof can be found in Debreu (1973, p. 82).

6. The temporary equilibrium model is treated again in Chapter 2, but ot fully
dealt with in this book. A more detailed treatment is available in Roemer (1980a).
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